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Abstract—Technical losses of smart grids can be computed 
using the customer’s smart meter measurements (active and 
reactive energy) and the energy measurement registered by the 
Low Voltage (LV) supervisor deployed at secondary substations. 
However, in some LV networks, some customers do not provide 
information regarding the energy consumed and produced in real 
time. This fact complicates the calculation of technical losses 
because this information is necessary for estimating the load 
demand for this subset of customers. In this paper, a stochastic 
approach is proposed for the estimation of technical losses in 
smart grids under uncertain load demands (e.g., non-telemetered 
customers and uncertain smart meters readings). Load demand 
estimation of non-metered customers was performed by means of 
a top-down approach. Intra-hour load demand profiles of 
customers were syntheticaly generated by applying a Markov 
process. The data and network used in this process corresponded 
to the rol-out deployed by the Spanish Research and Development 
(R&D) demonstration project OSIRIS. 
Keywords— Markov Process, Non-Linear Programming, Kernel 
Density Estimation, Advanced Metering Infrastructure 
NOTATION 
Ω  Telemetered Customers 
Ω  Non-telemetered Customers 
Ω Al customers 
Ω Set of Hours of the period of time considered 
(,,) Hourly load demand for customer , hour ℎ, day ∈Ω 
(,,) Hourly load demand Measurement for customer  , hour ℎ in day ∈Ω 
(,) Daily energy Measurement for customer  in day ∈Ω 
(,) Hourly load demand Measurement registered by the supervisor in hour ℎ in the 
day ∈Ω 
() Daily energy Measurement registered by the supervisor in day ∈Ω 
=  Markov chain in time discrete  with state  
()
, One-step probability transition from state  to state  in discrete time  
, Transitional probability matrix of  states 
() Probability Density Function (PDF) of the 
random variable  
() Cumulative Distribution Function (CDF) of 
the random variable  
() Estimated density function of the variable  
ℎ Smoothing parameter/Bandwidth 
() Gaussian normal density function 
 Standard deviation of the measurements 
 Active Technical Losses in percentage 
I. INTRODUCTION
One of the European Union Targets is to replace at least 80% 
of al energy meters with smart meters by 2020 [1]. This large-
scale rol-out of smart meters would not only alow service 
providers to gain information about the energy consumed and 
produced by each customer in real time but it would also alow 
them to compute network Technical Losses (TLs) at any given 
time. TLs of smart grids can be computed using customers’ 
measurements (active and reactive energy) and the energy 
measurement registered by the Low Voltage (LV) supervisor 
deployed at secondary substations. The more accurate the load 
demand data are, the more precisely TLs can be calculated. 
However, in some LV networks, there are non-telemetered 
customers, who do not provide information about the energy 
they consume or produce in real time. This complicates TL 
calculations because this information is necessary for estimating 
the load demand of non-telemetered customers. Moreover, in 
some instances, smart meter measurements do not have the 
required accuracy, the data they provide can be anomalous (nul 
or extremely high) or the device can even be out of service. 
These chalenges make it necessary to estimate load demand in 
order to perform any real-time power analyses and, especialy, 
TL calculations. 
Diferent approaches have been applied to the technical 
losses estimation [2]-[6]. Nevertheless, al of them are hardly 
applicable to large distribution system areas, taking into account 
the uncertainty in topology and demand data. In this paper, a top-
down approach for intra-hour load demand data estimation was 
developed, and a stochastic loss analysis was performed. This work has been partly funded by the Spanish Ministry of Economy 
and Competitiveness through the National Program for Research Aimed at the 
Chalenges of Society under the project OSIRIS (RTC-2014-1556-3). 
2II.HOURLY DEMAND ESTIMATION FOR CUSTOMERS WITHOUT 
MEASUREMENTS
In LV smart grids there are telemetered customers for whom
smart meters provide hourly measurements. There are also non-
telemetered customers, who have monthly energy meters. 
Moreover, in some situations, hourly smart meter data from 
telemetered customers can go missing. Consequently, the hourly 
load demand from non-telemetered and telemetered customers 
with missing measurements has to be estimated. This procedure 
is based on a top-down approach to obtain hourly load demand 
estimation for customers lacking hourly measurements. 
Non-telemetered customers have energy meters that provide 
measurements of the energy consumed during the most recent 
months. For each non-telemetered customer, historical monthly 
energy measurements are used to infer the hourly energy 
consumption by applying a top-down approach using three 
levels of resolution: 
• Upper level: Estimation of the curent monthly energy
consumption
• Middle level: Daily energy estimation
• Lower level: Hourly energy estimation
A.Upper-level: Estimation of the current monthly energy
consumption
Available data from non-telemetered customers consist of
historical monthly energy values measured during the most 
recent months. This information for energy consumption during 
the curent month is typicaly lacking because it is colected once 
the month ends. To estimate the current month’s energy 
consumption, an Energy Consumption Tendency curve (ECT 
curve) is deduced using the historical monthly measurements. 
The monthly energy consumed from the previous month (last 
available measurement) to the curent month (stil unknown) is 
inferred through an interpolation process based on polynomial 
functions (splines) [7]. The ECT for the energy consumption of 
a non-telemetered customer is shown Fig. 1. 
B.Middle-level: Daily energy estimation
Once the energy estimation for the curent month is
obtained, it is possible to estimate each week’s consumption. 
This weekly estimation process is necessary in order to 
diferentiate the energy consumption of the working days from 
holidays. The weekly profile is deduced from the weekly 
consumption registered by the smart meter located at the 
secondary substation. This secondary substation weekly profile 
is considered the reference Weekly Energy Consumption 
(WEC) profile for the LV network. In Fig. 2, the estimated WEC 
profile for a non-telemetered customer is shown. The first three 
points corespond to holydays, the next five points corespond 
to the work days and the last two points correspond to Saturday 
and Sunday. The WEC therefore provides the daily energy 
consumption for each day of the week. 
C.Lower level: Hourly energy estimation
At this level, the complete set of hourly values that are
missing is estimated using an optimization process. The 
procedure proposed is formulated as a Non-Linear (NLP) 
optimization problem as described below. 
Fig. 1. ECT curve for the historical measurements of a non-telemetered 
customer from September 2012 to September 2013. 
Fig. 2. WEC profile of a non-telemetered customer for a week in May 2013 
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3The objective function (1a) is composed of three terms. The 
first term represents the total square error between the real 
hourly demand (,ℎ,) and the hourly measurement (,ℎ,)	 for 
the 24 hours of the day d. The second term refers to the square 
error between the real daily energy consumption (,) and the 
measured daily value	(,). The third term in the equation 
refers to the square error related to the daily energy demanded 
from the complete set of network customers ∑ (,ℎ,)=Ω 	 and
the daily energy registered at the secondary substation (ℎ,). 
Constraints (1b) equalize the 24-hour power consumption 
with the daily energy consumption by each customer. 
Constraints (1c) establish that the 24-hour power consumption 
registered at the secondary substation has to be greater than the 
power demanded by the network customers. Constraints (1d) 
establish the energy constraint for consumption throughout the 
day. 
III. INTRA-HOUR DEMAND ESTIMATION
The estimation of intra-hour load demand for network 
customers is modeled as a stochastic Markov process [8] 
Therefore, high-resolution load demand customer profiles are 
modeled as a discrete time Markov chain , where 	is the 
parameter running over an index set  that coresponds to 
discrete units of time =(,) (where 0 starts the hour and 
 finishes the hour), and the value that takes  is the state of 
the Markov process [8]. The Markov chains are characterized by 
the property (2), which defines the probability of shifting from 
the state	 =  to the state +1=  in  discrete units of time, which only depends on the previous state. 
Pr	{ = | = ,…, = ,	 =i} (2) 
=Pr{ = |	 =i}= (), 
The probability described in (2) is also caled a one-step 
transition probability. To model a complete Markov process of 
 states, a transitional probability matrix  (3) had to be built, 
which constitutes a first-order Markov chain. This takes into 
account the current state and that the immediately preceding in 
order to calculate the probability of the next state. Since 
equivalent discrete time unit times are considered (e.g., 1 
minute), the Markov chain is homogenous so that the entry Pi,j of the matrix P provides the probability of shifting from state i 
to j. 
=
, ⋯ ,
⋮ ⋱ ⋮
, ⋯ ,
 (3) 
The	  row is the probability distribution of the values of 
+1 under the condition = . The number of rows of matrix  determines the number of states in the Markov process. Note 
that the sum of al values in a single row (a group of states) is 
the equal to the unit [8]. 
A first-order Markov process is set up using the hourly load 
demand probability functions for the hourly measurement, and 
the data are estimated from the LV network customers. A 
transitional probability matrix 60,60 (with 1-minute resolution) is used to model intra-day and high-resolution load demand 
profiles. The first state of the Markov chain sequence is chosen 
by means of a random variable that selects values in the interval 
(0,1) [9]. Next, the matrix 60,60 is applied to determine the next states. 
A.Load demand probability functions
To determinate the entries , for the transitional probability 
matrix P, the Probability Density Functions (PDFs) and the 
Cumulative Distribution Functions (CDFs) have to be 
determined. PDF and CDF are denoted with () and (), 
respectively, and their definitions are provided in (4) and (5) 
(where  denotes the Markov chain). This describes the 
relationship between them [10]. 
[≤ ≤ ]= () = ()− () (4) 
[ ≤ ]= () = () (5) 
Due to the dificulty associated with selecting a theoretical 
parametric distribution (normal, log-normal, etc.), the Kernel 
Density Estimation (KDE) [10] is chosen to cary out the fiting 
procedure. Recently, in the scientific literature, other authors 
have used KDE to fit PDFs and CDFs to the continuous 
operational variables of the network, such as load demand in 
[11] or wind speed in [12]-[13]. Therefore, to avoid making
assumptions about the statistical distribution of the load demand
data, the KDE method is applied. The non-parametric
representation of the PDF of the load demand variable  is 
defined by means of a smoothing function (6) as folows: 
() =1ℎ ()
τ− ()
ℎ  (6) 
Where	()	 is the estimated density function,	 is the time 
in hours, ()is the Gaussian kernel (a standard normal 
probability density function [10]) and ℎ is the bandwidth (a 
positive smoothing parameter). One of the criteria used to obtain 
the value for ℎ	is the Mean Integrated Squared Eror (MISE) (7). 
MISE(ℎ)= y(τ)−y(τ)  (7) 
Additionaly, ′() is the unknown real density function. 
Due to the unknown ′(), the MISE formula cannot be applied 
in a straightforward fashion. Therefore, the most popular 
solution for using an appropriate value for ℎ is to apply the 
Silverman’s rule of thumb [14] by means of (8). 
ℎ= 43
/
≈1.06 / (8) 
Where  is the standard deviation of the variable . 
4IV. ESTIMATION OF TECHNICAL LOSSES IN A SMART GRID
NETWORK: CASE STUDY 
The data and network used in process corespond to the rol-
out deployed for the Spanish Research and Development (R&D) 
demonstration project OSIRIS, which is an innovative project to 
develop knowledge, tools and new equipment for optimizing the 
supervision of LV Smart Grids [15]. The project scenario 
concerns a primary substation that supplies power to 25,849 
customers in a region located in the south of Madrid (Spain). In 
Fig. 3 one of the LV distribution networks in the OSIRIS project 
is shown. The 680-kVA network has eight LV residential and 
commercial feeders with 32 load consumption points. There are 
22 telemetered customers (individual contractual power ≤15 
kW) and 10 non-telemetered customers 
with a total contractual power of 442 kW. 
A.Description of the smart grid communications architecture
In the OSIRIS demonstration project, the communication
infrastructure between smart meters and the Meter Data 
Management System (MDMS) has been designed specificaly 
for LV networks. It is based on PoweRline Inteligent Metering 
Evolution (PRIME) [16], (Fig. 4). Smart meters are associated 
with telemetered customers, whereas the concentrators are 
located at the secondary substations. Concentrators send their 
data up to the so-caled gateway, which manages 
communications with the MDMS using the medium voltage 
infrastructure as a communication medium. A much more 
detailed explanation of the communication architecture 
deployed in the OSIRIS project can be found in [16]. 
Fig. 3. OSIRIS network layout 
Fig. 4. Communication architecture 
B.Data acquisition
Each telemetered customer has an individual smart meter
that registers the active load energy (imported and exported), in 
addition to the reactive load demand (four quadrants). This 
provides hourly and daily measurements. A smart meter 
supervisor is located at the secondary substation. In this study, 
smart meter data from al the metered customers have been 
colected by the concentrator of one of the seven networks 
operated by the OSIRIS project from September 2013 to 
September 2014. 
C.Statistical study of load demand data
A statistical study of the hourly demand consumption of the
OSIRIS network is shown in Fig. 5. The histograms describe 
power demand across different daily time-slots. During the first 
hours of the day (01:00 and 06:00) and the last hours (20:00 and 
22:00), load demand is concentrated around a certain value and 
it displays a clear skewness. Meanwhile, for the rest of the 
hours of the day (10:00 to 18:00), the load demand is spread in 
a more heterogeneous fashion. 
Fig. 5. Hourly Load (H. L.) demand histograms 
Fig. 6. PDFs obtained for hourly load demand. 
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Fig. 8. Fifteen intra-hour high-resolution load demand realizations of the 
Markov process. 
Fig. 6 and Fig. 7 show the PDF and CDF distributions 
obtained by the KDE method, respectively. 
For each customer (telemetered and non-telemetered), a 
stochastic high-resolution load demand has been syntheticaly 
generated (Fig. 8). The initial point corresponds to 9:00 AM, 
and the final point corresponds to 10:00 AM. These points are 
known using the hourly load demand. Between these two hours, 
five Markov realizations are presented as an ilustration of the 
Markov process carried out in this paper. 
D.Stochastic TLs analysis
Hourly TLs have been calculated by three-phase load flow
using the Back Forward Sweep (BFS) algorithm for every 
stochastic high-resolution load demand profile syntheticaly 
generated. TLs are expressed as a fraction of the load demand 
(relative TLs) in (9) where  is the current,  is the linear 
resistance (Ω/km) and  is length (m) of the segment of line . 
= =√3∑	 (9) 
Fig. 9 shows the boxplot representation of the stochastic 
TLs for each percentage level of loading capacity in the 
secondary substation. 
Fig. 9. Boxplot for stochastic TLs 
  The median values (middle line of the box) are distributed 
according to a linear evolution [10]. Thus, linear regression is 
proposed as a method to fit stochastic TLs by means of the 
ordinary least squares model (10), where  and  are the
mean values of the relative TLs and load demand, respectively, 
[ , ] is the covariance of TLs  and load demand ; 
and [ ] is the variance of load demand . 
= + 	 (10a) 
= [ , ][ ] (10b) 
= −	  (10c)
  Fig. 10 shows the linear regression calculated for relative 
TLs. Points of the relative TLs for every stochastic realization 
are concentrated in the middle of the cloud. Moreover, the 
bandwidth error represents the variability with respect to the 
regression model prediction. Finaly, Fig. 11 shows the PDF 
and CDF functions through KDE for the stochastic TLs 
obtained by means of the Markov process. For this specific 
OSIRIS network, hourly TLs do not exceed 2% with a high 
density in the interval (0,1.5) %. 
Fig. 10. Stochastic Technical Losses obtained 
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V. CONCLUSIONS
In this paper, TLs of a smart grid demonstration project have 
been stochasticaly analysed. Load demand from the project 
network has been obtained through the communications 
infrastructure (AMI). The existence of non-telemetered 
customers as wel as the missing load demands data have been 
taken into account in order to generate an estimate them by 
means of a top-down approach. Missing hourly load demand 
values have been estimated through an NLP optimization 
process. Additionaly, intra-hour high-resolution load demand 
profiles have been syntheticaly generated by means of Markov 
chains. For every stochastic realization of the Markov process, 
a balanced three-phase load flow analysis has been carried out 
to obtain the network TLs. TL results have been statisticaly 
analysed using a linear regression fiting to calculate a 
maximum value for TLs in the network. 
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